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Abstract 
The work shows the use of Bond Graph formalism for modeling dynamic systems. As an example a electrical model is solved by this 
approach at the level of its physical behavior. In contrast with the classical method, where the equations for individual components are 
created first and then the simulation scheme is derived on their basis, the described method uses the reverse procedure. In this paper the 
method of generation of system equations is discussed. From a bond graph diagram of the system, using a step-by-step procedure, system 
equations may be generated. As a starting point a model of a simple electrical RLC circuit consisting of a resistor, an inductor, and a 
capacitor is taken. The differential equations describing the dynamics of the system are obtained in terms of the states of the system. 
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Nomenclature 
R resistance of an electrical resistor (ȍ) 
C capacity of an electrical condensator (F) 
L inductance (H) 
Ɏ magnetic flux (Wb=V.s) 
Q electric charge (C=A.s) 
i current (A) 
u voltage (V) 
I inductor 
R resistor 
C capacitor 
SE source of an effort 
x state vector 
y output vector 
u input vector 
A state matrix 
B input matrix 
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C output matrix 
D feedforward matrix 
1. Introduction 
The concept of bond graphs was originated by Paynter (1961). The idea was further developed by Karnopp and 
Rosenberg in their textbooks (1968, 1975, 1983, 1990), such that it could be used in practice (Thoma, 1975; Van Dixhoorn, 
1982). By means of the formulation by Breedveld (1984, 1985) of a framework based on thermodynamics, bond-graph 
model description evolved to a systems theory [1-7]. 
The language of bond graphs aspires to express general class physical systems through power interactions. The factors of 
power i.e., effort and flow, have different interpretations in different physical domains. Yet, power can always be used as a 
generalized coordinate to model coupled systems residing in several energy domains. 
A causal bond graph contains all information to derive the set of state equations. The procedure to derive these equations 
is covered by bond graph software like Enport (Rosenberg, 1974), MS1 (Lorenz, 1997), CAMP (Granda, 1985), and 20-
SIM (Broenink, 1990, 1995, 1997, 1999; Broenink and Kleijn, 1999). Therefore, in practice, generation of equation need 
not be done by hand. However, we discuss the generation of equations to indicate what exactly has to be done. 
2. Bond graph of the electrical system - description of the model 
To demonstrate the bond graph methodology as an example an electrical model of RLC system is analyzed Fig. 1a. An 
RLC circuit (or LCR circuit) is an electrical circuit consisting of a resistor, an inductor, and a capacitor. The RLC part of the 
name is due to those letters being the usual electrical symbols for resistance, inductance and capacitance respectively. 
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Fig. 1 Electrical system (a) RLC circuit, (b) reference voltage uref  and (c) voltages u1, u2, u3 of the element ports. 
3. Systematic procedure to derive a bond graph of the electrical system 
We have discussed the basic bond-graph elements and the bond, so we can transform a domain-dependent ideal-physical 
model, written in domain-dependent symbols, into a bond graph. For this transformation, there is a systematic procedure, 
which is presented here. This electrical system contains a voltage source effort SE (SE:uz), a resistor R (R:R), an inductor I 
(I:L) and a capacitor C (C:1/C). 
Step 1 – Determine which physical domains exist in the system and identify all basic elements like C (capacitor), 
I (inductor), R (rezistor), SE (source of the effort), SF (source of the flow), TF (transformer) and GY (gyrator). 
This system contains a electrical domain part with the inductance L of the inductor (I:L), the resistance R of the resistor 
(R:R) and a capacity of the condensator C (C:C). Voltage uz is considered as an effort source (SE: uz). 
Step 2 – Indicate in the ideal-physical model per domain a reference source – effort voltage uref (reference voltage with 
positive direction), Fig. 1b. 
The references are indicated in the ideal physical model: the ideal velocity uref = 0. 
Step 3 – Identify all other efforts (voltages) and give them unique names u1, u2, u3, Fig. 1c. 
Step 4 – Draw these efforts (electrical: voltages), graphically by 0-junctions Fig. 2a. 
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Fig. 2 Electrical system (a) voltages are shown as 0-junctions (b) connecting 0-junctions with 1-junctions. 
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Step 5 – Identify all effort differences (electrical: voltage = effort) needed to connect the ports of all elements 
enumerated in step 1 to the junction structure. When checking all ports of the elements found in step 1 linear voltage 
differences, u12 and u23 are identified: 1221 uuu =− , 2332 uuu =− .     (1) 
Step 6 – Construct the voltages differences using a 1-junction and draw them as such in the graph Fig. 2b. 
The junction structure is now ready and the elements can be connected. 
Step 7 – Connect the port of all elements found at step 1 with the 1-junction of the corresponding efforts or efforts 
differences Fig. 3 a). 
Step 8 – Simplify the resulting graph by applying the simplification rules Fig. 3 b) and Fig. 4 a). 
A junction between two bonds can be left out, if the bonds have a through power direction (one bond incoming, the other 
outgoing). A bond between two the same junctions can be left out, and the junctions can join into one junction. Two 
separately constructed identical effort or flow differences can join into one effort or flow difference. 
Step 9 – Determine the signal direction and causality Fig. 4 b). Causality establishes the cause and effect relationships 
between the factors of power. 
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Fig. 3 Electrical system (a) connecting elements R, I, C, SE with 0-junctions (b) simplify the resulting graph by applying the simplification rules. 
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Fig. 4 Simplify the resulting graph by applying the simplification rules (a) the 0-junctions with voltages u2  and u3 (b) determine the causality. 
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Fig. 5 Simplify the resulting graph by applying the simplification rules (a) the 0-junctions reduction and causality and (b) the final bond graph with signal 
direction and causality. 
In bond graphs, the inputs and the outputs are characterized by the causal stroke. The causal stroke indicates the direction 
in which the effort signal is directed (by implication, the end of the bond that does not have a causal stroke is the end 
towards which the flow signal is directed). 
There are two ways of describing an element's behavior (e.g. effort in, flow out vs. flow in, effort out) as different causal 
forms. Note that the two alternative causal forms may, in general, require quite different mathematical operations. The 
causal form we use, i.e. which variable we select as input and which we select as output, can make a lot of difference. For 
example, the required mathematical operations may be well defined in one causal form, but not defined at all in the other. 
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The causal bond graph of this system can be derived, in which the inputs and the outputs are characterized by the causal 
stroke. This is the starting point, from which we continue toward the differential equations describing the dynamics of the 
system 
4. Expansion to block diagrams 
The equations are derived in the steps described below. 
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Fig. 6 The bond graph example – bilateral signal flows between ports and definition of the causal stroke. 
A causal bond graph (Fig. 5b) can be expanded into a block diagram in three steps. 
Step 1 – All node symbols are encircled (Fig. 7 a). 
Step 2 – All bonds are expanded into bilateral signal flows according to the assigned causality (Fig. 7 b). 
Step 3 – All constitutive relations of each node are written into block diagram form, according to the assigned causality 
of each port; one-junction is represented by a signal-node for the flows and a summation for the efforts (Fig. 8a). 
All signals entering a summation resulting from a junction are given a sign corresponding to the half-arrow direction: if, 
while traveling from causal input to causal output, the bond orientation does not change (this does not exclude an orientation 
opposite to the signal direction), then a plus sign is added representing a positive contribution to the summation; by contrast 
if the bond orientation does change, then a minus sign is added representing a negative contribution to the summation. In 
principle, a complete block diagram is obtained at this point.  
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Fig. 7 The bond graph example (a) element layout , (b) bond graph with bilateral signals flows and (c) bond graph with bilateral signals flow with ideal 
source effort uZ. 
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Fig. 8 The bond graph (a) the block diagram with signal direction and (b) the block diagram with signal direction and with ideal source effort uZ. 
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The procedure to obtain a signal flow graph is completely analogous to the above procedure as all operations represented 
by blocks, including the signs of the summations, are combined as much as possible and then written next to an edge, while 
all summations become nodes, as signal nodes can be distinguished from signal summation points by observing the signal 
directions (signal node has only one input, summation has only one output). 
                                    Table 1. Types of elements in Bond graph 
Bond graph Types of element in the 
bond graph
Element in block 
diagram 
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Fig. 9 Bond graph expanded to a block diagram (a) the block diagram with source effort voltage uz and (b) the block diagram with ideal source uz. 
5. Generation of the equations 
The two state equations derived from a bond graph diagram (Fig. 9a, Fig. 9b) are 
( )
23udt
td
=
Φ
, (2) 
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( ) i
td
tQd
= , (3) 
where state variables ĭ(t) and Q(t) are magnetic flux and electric charge respectively, and voltage u23 is: 
( ) ( ) ( ) ZZZ utLRtQCuiRtQCuuuu +Φ−−=+−−=+−−= .
1
..
1
..
1
12323  (4) 
Next equations are: 
( )tQ
C
u .
1
3 = , (5) 
( )
23udt
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Φ
, (6) 
( ) i
dt
tQd
= , (7) 
( ) it
L
=Φ.1 , (8) 
12. uiR = (9) 
After substitution we get: 
( ) ( ) ( ) ZutLRtQCtd
td
+Φ−−=Φ .1..1  , (10) 
( ) ( )t
Ldt
tdQ Φ= .1  , (11) 
and in matrix form: 
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By choosing different state variables i electric current and u3 electric charge , after substitution the state equations are in 
following form: 
( ) ( ) ( ) ZuiLLRuCCtd
iLd
+−−= ..
1
...
1.
3 , (13) 
( ) ( )iL
Ldt
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..
1. 3
= , (14) 
and finally: 
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or in matrix form: 
ZuL
u
i
C
LL
R
dt
du
dt
id
.
0
1
.
01
1
3
3 »»
»
¼
º
««
«
¬
ª
+
»»
»
¼
º
««
«
¬
ª
»»
»»
¼
º
««
««
¬
ª
−−
=
»»
»»
¼
º
««
««
¬
ª
(17) 
The equation can be solved in Matlab/Simulink for example [8-14]. 
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6. State Space equation in Matlab/Simulink 
Solution of the non-homogenous system of differential equations of a mechanical system with two degrees of freedom is 
done in Matlab/Simulink using State-Space. The most general state-space representation of a linear system with u inputs, y
outputs and n state variables is written in the following form: 
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For State-Space equations in form: 
( ) ( ) ( )ttt uBxAx .. += , (19) 
( ) ( ) ( )ttt uDxCy .. += (20) 
We obtain: 
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where A, B, C, D are the respective matrices of the mechanical system defined as follows: 
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The input u(t) is represented by the source effort voltage uZ : 
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And the output y(t) is represented by the electric current i: 
[ ] Zu
u
i
y ].0[.01
3
+»¼
º«¬
ª
= (25) 
We determine the matrix and block diagram in Matlab/Simulink: 
Fig.10 The block diagram in Simulink. 
Parameters used in the process of solution of the RLC circuit electrical system (Fig. 1 a) in Matlab [15] are: R = 5 (ȍ), L
=0.1 (H), C = 100 (ȝF) and input voltage uZ = 10 (V). 
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Output parameters of the electrical current i and voltages uC (uC= u3), uL (uL= u23), uR (uR= u12) of the RLC circuit 
electrical system in Matlab [16-21] are shown in Fig. 11.  
Fig. 11 The results in Matlab uC=uC(t), i=i(t), i=i(uC), uL=uL(t), uR=uR(t), uL=uL(uR). 
7. Conclusion 
Bond graphs represent a convenient tool for physical system analysis. We presented a method to systematically build a 
bond graph starting from an ideal physical model. Causal analysis gives, besides the computational direction of the signals 
at the bonds, also information about the correctness of the model. A practical example of an electrical model is presented as 
the application of this methodology. 
The differential equations describing the dynamics of the system in terms of the states of the system were derived from a 
bond graph diagram of a simple electrical system. The results correspond with equations obtained using traditional method, 
where the equations for individual components are created first and then the simulation scheme is derived on their basis, 
although the described method uses the reverse procedure. 
However, manual derivation of equations for larger systems is not all that simple. For instance, in some cases the 
derivation may lead to formation of so called algebraic loops. Similarly, complexities and errors of various types, like causal 
loops, power loops and differential causalities may exist in the model of a system. 
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